In this paper we study the Lyapunov stability and Hopf bifurcation in a biological system which models the biological control of parasites of orange plantations.
Introduction of the mathematical model
In this work we study a system of four coupled differential equations (1) which models the interaction between two biological species, each presenting two stages in their metamorphosis, living in a common habitat with limited resources.
The differential equations analyzed here are
Here will be established the location and the stability character of the equilibria of (1), four in number. Also is determined the bifurcation variety in the space of parameters, representing the transition from asymptotically stable to saddle type at the equilibrium point with positive coordinates, representing the coexistence of the two species. See Theorem 2.4 and its Corollary 2.5.
Fixing all the the parameters in (1) to biologically feasible values, taken from [3, 7] , but letting the interaction coefficients k 1 and k 2 vary in a positive quadrant, the nature of the bifurcation phenomenon in this plane by crossing the bifurcation curve is established. See Theorem 3.1 and Fig. 1 . This is done by means of a computer assisted calculation of the first Lyapunov coefficient, found to be positive. The Hopf bifurcation analysis of this point implies that the bifurcating periodic orbit is asymptotically unstable, of saddle type which surrounds an attracting equilibrium with a small attracting basin. The dependence of the bifurcation curve on the parameter c 2 is studied in Theorem 3.3 and illustrated in Fig. 2 .
In Section 4 the implications of the results in this paper are discussed and interpreted from a wider perspective.
Stability analysis of equilibria
Assume the following notation:
The differential equations (1) have four equilibria
and
where
Remark 2.1. If R 1 > 1 and R 2 > 1, then the equilibria A 1 , A 2 and A 3 , have only non-negative coordinates. If k 1 < k 1 max , where
then the coordinates of the equilibrium A 4 are also non-negative.
The Jacobian matrix of (1) at x = (P, M, L , G) ∈ R 4 has the form
while its characteristic polynomial is given by
Recall that an equilibrium point x 0 is said to be a saddle of type n − p if the Jacobian matrix J (x 0 ) has n eigenvalues with negative real parts and p eigenvalues with positive real parts.
1. The equilibrium A 1 is a saddle of type 2-2; 2. The equilibrium A 2 is a saddle of type 3-1; 3. The equilibrium A 3 is a saddle of type 3-1.
Proof. From (9) the eigenvalues of J (A 1 ) are given by
and satisfy: λ 1 > 0, λ 2 < 0, λ 3 > 0 and λ 4 < 0. This proves the first assertion. From (9) the eigenvalues of J (A 2 ) are given by
Is immediate to see that λ 3 > 0 and λ 4 < 0. If
then λ 1 and λ 2 are complex with negative real parts and if
then λ 1 < 0 and λ 2 < 0. This proves the second assertion. From (9) the eigenvalues of J (A 3 ) are given by
It follows that λ 1 > 0, λ 2 < 0. If
then λ 3 and λ 4 are complex with negative real parts and if
then λ 3 < 0 and λ 4 < 0. This proves the last assertion.
For the sake of completeness we state the following lemma which is a particular case of the Theorem of Routh-Hurwitz. See [8] , p. 62.
with real coefficients has all roots with negative real parts if and only if the numbers a 1 , a 2 , a 3 , a 4 are positive and the inequality
, then all the coefficients of the characteristic polynomial of J (A 4 ) are positive. Therefore, if
then the differential equations (1) have an asymptotically stable equilibrium point at A 4 . If
Proof. From (9), the characteristic polynomial of J (A 4 ) is given by
Now it is simple to see that the coefficients of the characteristic polynomial are given by a 1 , a 2 , a 3 , a 4 above. From the hypotheses these coefficients are positive. The stability at A 4 follows from Lemma 2.3.
The following corollary is immediate from the fact that a i > 0.
Corollary 2.5. The Jacobian matrix J (A 4 ) has a pair of complex eigenvalues with zero real part if and only if
where a i are defined in Theorem 2.4.
In the next section we study the stability of A 4 under the condition (11), complementary to the range of validity of Theorem 2.4.
Hopf bifurcation analysis

Generalities on Hopf bifurcations
The study outlined below is based on the approach found in the book of Kuznetsov [9] , pp. 175-178. Consider the differential equations
where x ∈ R 4 and µ ∈ R m is a vector of control parameters. Suppose (12) has an equilibrium point x = x 0 at µ = µ 0 and represents
as
where A = f x (0, µ 0 ) and
for i = 1, 2, 3, 4. Here the variable x − x 0 is also denoted by x. Suppose (x 0 , µ 0 ) is an equilibrium point of (12) where the Jacobian matrix A has a pair of purely imaginary eigenvalues λ 3,4 = ±iω 0 , ω 0 > 0, and no other critical (i.e., on the imaginary axis) eigenvalues.
Let p, q ∈ C 4 be vectors such that
The two-dimensional center manifold can be parameterized by w ∈ R 2 = C, by means of x = H (w,w), which is written as
with h jk ∈ C 4 , h jk =h k j . Substituting these expressions into (12) and (14) one has H w (w,w)w + Hw(w,w)w = F(H (w,w)).
The complex vectors h i j are to be determined so that Eq. (18) can be written as follows
Solving the linear system obtained by expanding (18), the coefficients of the quadratic terms of (13) lead to
where I 4 is the unit 4 × 4 matrix. The coefficients of the cubic terms are also uniquely calculated, except for the term w 2w , whose coefficient satisfies a singular system for h 21
which has a solution if and only if
Therefore
and the first Lyapunov coefficient l 1 -which decides by the analysis of third order terms at the equilibrium its stability, if negative, or instability, if positive -is defined by
A Hopf point (x 0 , µ 0 ) is an equilibrium point of (12) where the Jacobian matrix A has a pair of purely imaginary eigenvalues λ 3,4 = ±iω 0 , ω 0 > 0, and no other critical eigenvalues. At a Hopf point, a two-dimensional center manifold is well-defined, which is invariant under the flow generated by (12) and can be smoothly continued to nearby parameter values.
A Hopf point is called transversal if the curves of complex eigenvalues cross the imaginary axis with non-zero derivative.
In a neighborhood of a transversal Hopf point with l 1 = 0 the dynamic behavior of the system (12), reduced to the family of parameter-dependent continuations of the center manifold, is orbitally topologically equivalent to the complex normal form
w ∈ C, γ , ω and l 1 are smooth continuations of 0, ω 0 and the first Lyapunov coefficient at the Hopf point [9] , respectively. When l 1 < 0 (l 1 > 0) a family of stable (unstable) periodic orbits can be found on this family of center manifolds which shrink to the equilibrium point at the Hopf point.
Hopf bifurcation in the biological model
In this subsection we analyze the stability at A 4 given by (6) under the condition (11) . From (12), we write the Taylor expansion (14) of f (x). Thus
and, with the notation in (14)-(16), one has
From (14)- (16) and (26), one has
To pursue the analysis consider the following table of specific parameters
taken from [7, 3] , where their biological feasibility in Brazilian fields is discussed. With the above parameter values the differential equations (1) are in fact a two-parameter system of differential equations where the parameters are k 1 and k 2 and can be written equivalently as
with f (x, k 1 , k 2 ) defined by the right-hand sides of (1 (2) and (7), have the form
From the above equation and the Remark 1.1, the set of admissible parameters is given by (see Fig. 1 )
In this set S the curve Σ = ∆ −1 (0) is well-defined (see (11) 
Thus one has (see Fig. 1 )
For parameter values in the region S + the equilibrium A 4 is unstable since the Jacobian matrix J (A 4 ) has two complex eigenvalues with positive real parts and two other real negative eigenvalues. For parameter values in the region S − the equilibrium A 4 is asymptotically stable since J (A 4 ) has two complex eigenvalues with negative real parts and two other real negative eigenvalues. The curve Σ is the curve of admissible parameters where the equilibrium A 4 is a Hopf point.
Theorem 3.1. Consider the differential equations (1) with the parameters given in the table (29). If (k 1 , k 2 ) ∈ Σ , then the two-parameter family of differential equations (1) has a transversal Hopf point at A 4 . This Hopf point at A 4 is unstable and for each (k 1 , k 2 ) ∈ S − , but close to Σ , there exists an unstable periodic orbit near the asymptotically stable equilibrium point A 4 . See Fig. 1 .
Computer Assisted Proof. The proof follows the steps outlined in Section 3.1. However, all the expressions in the proof are too long to be put in print. For this reason, in the site [10] have been posted the main steps of the long calculations involved in the proof. This has been done in the form of a notebook for MATHEMATICA 5 [11] . A sufficient condition for being a Hopf point is that the first Lyapunov coefficient l 1 = 0. In fact, it can be shown numerically that
A particular case and other related calculations are considered below for the sake of illustration. Take the particular point Q = (k 1 = 0.00331, k 2 = 0.00100) ∈ Σ with five-decimal round-off coordinates [7] . For these values of the parameters From (22), the complex number G 21 is given by
and from (23), (34) and (35), one has the first Lyapunov coefficient at Q
The above calculations have also been checked with ten-decimal round-off precision performed using the software MATHEMATICA 5 [11] . See [10] . Some other values of the pairs (k 1 , k 2 ) ∈ Σ , the values of the complex eigenvalues of J (A 4 ) as well as the corresponding values of l 1 (k 1 , k 2 ) are listed the table below. The calculations leading to these values can be found in [10] . Remark 3.2. The value of the first Lyapunov coefficient l 1 does depend on the normalization of the eigenvectors q and p, while its sign is invariant under the scaling of q and p obeying the relative normalization. See [9] , p. 99. The values l 1 (Q) in (36) and l 1 (k 1 , k 2 ) in the above table are obtained with two different choices of the eigenvectors q and p, see [10] . This explains the difference in the order of magnitude of the numbers involved. As a consequence of Theorem 3.1 there are no Hopf points of codimension 2 on Σ since the sign of the first Lyapunov coefficient does not change.
Assuming the same values in table (29) in the next theorem we study the behavior of the Hopf curve Σ in the set of admissible parameters S (see Eq. (32)) as the parameter c 2 increases. In fact, the carrying capacity, representing several other factors, has a determinant role in the populations under study. The study of the general analytic and geometric properties of the boundary of the stability region, given by the Hopf variety ∆ = 0, so as to include parameter values of biological interest as proposed here as well as by others such as Ternes [3] , remains at the present moment as a mathematical challenge. Theorem 3.3 gives only a thin slice of the geometry.
The reports in [12, 13] , among many others, show that the interest for the combat of the citrus leafminer extends to most regions where citrus trees grow.
The MATHEMATICA notebooks [10] , with the table (29), used in the computer assisted arguments for the proofs of Theorems 3.1 and 3.3, can be adapted to tables with data pertinent to other geographic and climatic regions and involving different host-parasitoid interactions.
In [2] Ternes and Yang discuss, with pertinent documentation, the introduction of a foreign parasitoid, Ageniaspis citricola to add the native Galeopsomya Fausta in the combat with the leafminer, Phyllocnistis citrella. They propose a model with eight differential equations for the three species and their immature stages. In [2] and [3] are given starting steps for an analysis of the stability of the equilibria in this extended eight-dimensional system. Based on a numerical study of a complex equilibrium point they recommend that the biological control of the leafminer be implemented with both the native and foreign parasitoids. Meanwhile, the Hopf bifurcation analytic and computer algebra study of the complex equilibria of the eight equations, with the methods used in the present paper, seems unsurmountable at the present moment, due to the large number of parameters involved.
